Nearest neighbor distributions of molecular spectra can, in principle, be used to learn from quantum spectra about the classical dynamics of a system, i.e. whether it is regular or irregular (chaotic). However, the predictive power of this method is limited due to the generally small number of spectral lines available for analysis, and the ambiguities of the procedures used. This is demonstrated here for the determination of the shape of nearest neighbor distributions in terms of a Brody parameter, which was determined from fits to samples from a Brody distribution and fits to simulated molecular spectra. The procedures are also applied to computed spectra of NO 2 and SO 2 .
Introduction:
It is common wisdom that the question whether the classical dynamics of a given dynamic system is regular or chaotic can be decided by looking into the statistical properties of the quantum spectrum of this system. However, while there is overwhelming evidence that this holds in the semiclassical limit [1] [2] [3] [4] [5] [6] , not much is known about the significance of the statistics of the necessarily short spectra of molecules. Here, mainly the nearest neighbor distribution (NND) and the spectral rigi dity () 3 -statistics) are used to classify spectra, which have been measured or calculated, or portions thereof. In this paper, we concentrate on the NND, for which it has been shown that regular dynamics shows up as exponential ("Poisson" [7] ), and chaotic dynamics as Wigner distribution. Between those one usually interpolates by the Brody distribution, viz.
(1) with Here, D is the average density of the spectrum, which must be made constant in the mean by "unfolding" the original one. Our unfolding procedures yield D = 1, so we drop D from here on. q is the so called Brody parameter, it interpolates f (x) between a delta distribution at x = 0 (q = -1), an exponential distribution (q = 0), and a Wigner distribution (q = 1). Note that f(x, q) is normalized and has mean 1.0 independent of q, and that it is also well defined for q > 1, where it approaches *(x-1) for q 64. A common procedure is to determine q by a (nonlinear) fit of eq. (1) to an unfolded spectrum of some length L, and to discuss with the help of this q the corresponding type of classical molecular dynamics of the system. Other interpolations between exponential and Wigner distributions exist, especially the Robnik-Berry distribution [8] , which is sometimes preferred, because it has some theoretical background.
Since both interpolations agree for q = 0 and q = 1, our results for the Brody distribution would not change much if we took the Robnik-Berry one. The correlation of q with the classical dynamics of real or simulated molecules has been demonstrated to some extent in the literature [e.g. Refs. 5, 6] . But the fact shown by Berry and Tabor [9] that spectra from some non-generic systems with regular classical dynamics, especially of an f-dimensional harmonic oscillator, will not show an exponential NND, has often fallen into oblivion.
When we applied the traditional procedure to our computed spectra of NO 2 [10] [11] [12] we had some doubts about the significance of the values obtained for q, and did not publish them. In this short paper we show that one should, indeed, be very cautious in drawing conclusions from Brody (or similar) parameters, if they are obtained from fits to the NND of molecul ar vi brat ional spect ra of typical sizes av ailable today.
There are many conditions, which should be fulfilled to make the correlation of q with the kind of molecular dynamics valid: (1) the spectra must be pure, i.e. belong to a single symmetry species, and (2) they must be complete, i.e. have no missing levels. The disturbing effect of insufficient spectral resolution, which leads to a violation of condition (2) , has recently been demonstrated by Pique and collaborators [13] . Also, (3), the spectra must have constant density, consequently normal molecular spectra must be "unfolded", (4) the parameter of a parameterized NND like the Brody one is usually obtained from a fit to some histogram, which is not a unique procedure, and, (5), the semiclassical correspondence supposes that the spectra are infinitely long. In practice, conditions (1) and (2) are difficult to fulfil for experimental spectra, but easily observed for computed ones. The unfolding schemes needed in view of condition (3) , are neither unambiguous nor parameter-free, but we find that this presents no serious problem. I.e. the results using different unfolding schemes are essentially the same, if one applies some care. Fitting from histograms (4) adds further ambiguities, and we find that it leads to increased sampling variance, but we will show below that it can be avoided completely. Finally, (5), experimental spectra, as we know them today, which have been assigned to definite symmetry species, have typically a length of only some 100. E.g. at the time of writing, for NO 2 about 175 (104) low lying levels of even (odd) symmetry have been assigned, and there is another piece of length 315 which has not been assigned but is probably complete [14, 15] . Computed spectra can be somewhat longer (e.g. NO 2 , J = 0, even: 1645 [11] ; SO 2 , J = 0, even: 2502 [16] ), but at least for triatomics they are never longer than a few thousand. This is a serious limitation, if one is interested in energy dependent statistics, e.g. to check "where chaos sets in".
In this paper we first determine numerically the sampling variance and other sampling statistics of the Brody distribution. I.e. we produce lists of a given length, L, sampled from a Brody distribution with known parameter q, and compare the fitted value of q with the known one. The resulting spread of q shows that parameter values determined from spectra of less than about 100 levels are almost meaningless, especially for small q. This has been mentioned already in 1984 [17] , but not always considered. Secondly, we construct artificial spectra of triatomic molecules with two Morse stretches and a slightly anharmonic bend, but with no coupling between the modes, which have random vibrational constants T i and x i in ranges typical for triatomics that are neither hydrides nor too heavy. The classical dynamics corresponding to such Hamiltonians is certainly regular, and one expects a Brody parameter q = 0.
This hardly happens. Apart from the large variance of q determined from short spectra, it appears that at least the low-lying states of molecules will show the Berry-Tabor effect, since they are not far from harmonic. We conclude that in most practical cases the "observed" dependence of q on E cannot reveal the onset of classical chaos from experimental molecular vibrational spectra. Finally, as an application of the foregoing, we show what happens if one takes differently sized sections of the large known (computed) spectra of NO 2 [11] and SO 2 [16] , and determines energy dependent values of q. As expected, we never obtain q = 0 from the low energy parts of the spectra, and at all energies large fluctuations occur, which are apparently void of physical content.
Calculations

Sampling variance of the Brody distribution
We start with a remark about the determination of q from a list of nearest neighbor spacings. The usual procedure is to bin the spacings into a histogram, and make a non-linear fit of the Brody function, eq. 1, to it. Here, the number of bins is an arbitrary parameter, and its choice influences the result. An unambiguous fit can, however, be found by the Maximum Likelihood (ML) method [18] . With an argument similar to that which we have used elsewhere [19] one finds that q can be found as the root of (2) where L is the number of spacings, and D the average density of the spectrum, which can be normalized to 1.0. The derivative Mf/Mq is hard to do by hand, but presents no problem with a modern computer algebra system [20] . Unfortunately, though any ML estimator is consistent, i.e. converges with growing sample size to the parameter of the parent distribution, there is no guarantee that it is an unbiased statistics, and we will see the bias below.
Our first "experiment" was done with artificial NNDs having sizes L from 10 to 400, sampled from Brody distributions f(x;q) by the acceptance-rejection method. For q = 0 we also used the simpler method of taking the NND from spectra obtained as ordered sets of (pseudo-)random numbers, and for q = 1.0 we exercised a few spectra from symmetric Gaussian random matrices. For each sample out of 1000 such distributions we determined the apparent q by the ML procedure and also from histograms of different bin widths. From these sets of q we computed mean, standard deviation and other statistics. The procedure was checked by computing the first four statistical moments of each sample, and comparing their average to the known moments [4] of the Brody distribution. This is, however, not a hard test since the variance of sampling moments increases enormously with their order [18] . The shape of the q-distribution about its mean, which we have no space to show here, is within crude limits not far from a normal distribution.
Results are shown in Table 1 . The sample average and its standard deviation, the minimum, and the maximum converge with increasing N at the given q. The average q from the samples shows a bias, which depends somewhat on q and decreas es approximately as 1/L, however this bias is not a serious limitation for L > 10. In contrast, the standard deviation Table 2 . Actually, the bias from the histogram method is even somewhat smaller than that of the ML method, but the much more important statistic, the standard deviation of the sampled q, is typically 25% larger than that from the ML method shown in Table 1 . This means that the ML method is definitely preferable to the histogram fit.
Spectra from random molecules
Our second set of computations consisted of the construction of artificial triatomic spectra with random parameters taken from realistic intervals. Specifically, we modeled two different stretches as Morse oscillators with 800 cm -1 # T 1,3 # 1600 cm -1 and 0.02 # x 1,3 # 0.04, and the bend with 400 cm -1 # T 2 # 800 cm -1 and 0.0025 # x 2 # 0.0050. We first tried to leave the bend harmonic, but this produces too many identical intervals, while larger values of x 2 lead to low dissociation energies via the "bend" resulting in very short spectra. With the above parameters the dissociation limit is determined by one of the stretches, and the spectra had about 200 ± 125 levels. In a later series we halved the values of the x i , in order to produce longer spectra. Note that there was no coupling between the modes, and the corresponding classical Hamiltonian has certainly regular dynamics, so that, apart from the Berry-Tabor effect, one expects spectra with zero q.
Actually, one gets, of course, a distribution of Brody parameters, and we find that it has an appreciable width. An example is given in Table 3 , where we show several statistics of the q-parameters taken from sections from ensembles of up to 1000 such random spectra.
One observes, e.g., that for the above parameter choice more than a quarter of the spectra of length 50 have q-parameters larger than 0.2 rather than a value of 0.0, and even for those of length 150 about 17% have that size. For the second set these numbers are even higher. Note also that the average q is always positive. We must conclude that the Brody parameter of a single spectrum -and in real applications we have only a single sample -can be grossly misleading if one interprets it in terms of regular vs. chaotic classical dynamics.
Application to NO 2 and SO 2
With the knowledge obtained above, we investigate now the adiabatic and nonadiabatic spectra of NO 2 computed in our group [10, 11] , and the spectra of SO2 computed by Ma and Guo [16] . For each spectrum (and some others from the literature, which we cannot show here) we determined Brody parameters of energy dependent sections of different length.
The 1645 even non-adiabatic levels of NO 2 , whose density increases with E 2 , were unfolded by various methods [21] , which yield very s imilar results, if one avo ids unfolding b y polynomial fits of too high order. We then determined the apparent q from consecutive pieces of 25, 50, 100, and 200 levels. Fig. 1 or so, may be significant for the dynamics. The initial drop from about 0.7 to 0.3 (for short pieces from the spectrum) could be the Berry-Tabor effect, since the low energy part of the spectra is not really far from harmonic.
In Fig. 2 we have stepped a window of 25 nearest neighbor distances over the lower part of different computed NO 2 spectra. This shows even more the fluctuating nature of the qparameter, not inconsistent with the standard deviation of a Brody q for L = 25 from Table 1 .
Note that the non-adiabatic odd spectrum shows fluctuations of similar magnitude but at other positions compared with the even one. Furthermore, also the adiabatic even spectrum, which could feel the conical intersection of the potential energy surface only by its shape but not by any coupling to an excited surface, shows large fluctuations. Finally, the spectrum of mixed even and odd states, which should show no level repulsion at all, i.e. q = 0, fluctuates also in the whole range from 0 to 1. If one wants to attach a physical meaning to the large fluctuation near level 90, one must also find a physical explanation for those near levels 190, 240, and 290! We feel, therefore, that the only correspondence with the classical dynamics of NO 2 is for both, adiabatic and non-adiabatic spectra the almost Wigner type behavior (corresponding to classical chaos) for levels above the 500th, i.e. for energies from 2.3 eV up to the dissociation level at 3.2 eV. The role of the conical crossing at about 1.44 eV (level 105), so much discussed in the literature [14, 15] , can not reliably be identified in the NND. We have shown earlier that it has also only a minor influence on the level density [11] . Nor can the "onset of chaos" be observed with the short pieces from the spectrum available in pure form today [15] . Fig. 3 supports these observations by comparing the fluctuations in the low energy spectrum of NO 2 with those of two other spectra. Note that the potential energy surface of SO 2 is much smoother than that of NO 2 , since it has no low-lying conical intersection. So we expect less chaos at comparable energies, which is consistent with the smaller average q in the upper three quarters of the spectrum (NO 2 na-even: 1.0, SO 2 even: 0.2). We also show results from an artificial spectrum of a random molecule as described in Section 2.2, which consists of uncoupled Morse oscillators, and certainly does not have regions of chaotic dynamics at any energy. Even here, q fluctuates not less than for SO 2 , while the average q in the upper spectrum is only 0.04.
Conclusions
This investigation of sampled nearest-neighbor distributions from known origin, and of simulated and computed molecular spectra shows that the predictive power of the shape of the NND, here expressed in terms of the Brody parameter q, which interpolates between an exponential and a Wigner distribution, is very limited. Similar results must be expected for other parametrizations of the NND, e.g. the Robnik-Berry one. For the available short sections of complete experimental spectra, whose typical length is often only 50 or less, the inherent fluctuations in the spectra, and the ambiguities of the unfolding and fitting procedures make quantitative conclusions from the apparent value of q rather meaningless. Especially, such short pieces are not suitable to determine the onset of chaos in a spectrum. Only if a long spectrum (1000 levels or so) is available, the NND can show qualitative trends in the dynamics.
We did not investigate the ) 3-statistics, the other often used parameter in the statistical analysis of spectra. In contrast to the NND it looks for long-range correlations between the levels. Therefore we do not expect that for spectra of the lengths discussed here it will lead much farther in its predictive power than the NND.
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